=R

/
L

y /\\
A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

A

\
1~

4

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

P 9

OF

A

A

OF

Downloaded from rsta.royalsocietypublishing.org

TRANSACTIONS

PHILOSOPHICAL THE ROYAL
OF SOCIETY

Variational principles of nonlinear dynamical fluid—solid
Interaction systems

J. T. Xing and W. G. Price

Phil. Trans. R. Soc. Lond. A 1997 355, 1063-1095
doi: 10.1098/rsta.1997.0053

Email alerting service Receive free email alerts when new articles cite this article - sign up in the box at the top right-hand
corner of the article or click here

To subscribe to Phil. Trans. R. Soc. Lond. A go to: http://rsta.royalsocietypublishing.org/subscriptions

This journal is © 1997 The Royal Society


http://rsta.royalsocietypublishing.org/cgi/alerts/ctalert?alertType=citedby&addAlert=cited_by&saveAlert=no&cited_by_criteria_resid=roypta;355/1726/1063&return_type=article&return_url=http://rsta.royalsocietypublishing.org/content/355/1726/1063.full.pdf
http://rsta.royalsocietypublishing.org/subscriptions
http://rsta.royalsocietypublishing.org/

'\
/N
JA \
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A\

y \

N

0\

A A

P

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Variational principles of nonlinear dynamical
fluid—solid interaction systems

By J. T. Xinc¢"? AND W. G. PrRICE?
LSolid Mechanics Research Center, Beijing University of Aeronautics and
Astronautics, Beijing 100083, People’s Republic of China

2 Department of Ship Science, University of Southampton, Highfield,
Southampton SO17 1BJ, UK

Contents
PAGE
1. Introduction 1064
2. Description of the motion of a continuum 1066
(a) The translation velocity and transmission velocity of a curved surface
in space 1066
(b) The time derivative of an integral over a moving volume in space 1067
(¢) A local variation and a material variation 1068
(d) The local variation of an integral over a moving volume in space 1070
3. Governing equations 1071
(a) Solid domain 1071
(b) Fluid domain 1072
(¢) Fluid-structure interface 1076
(d) Variational conditions at initial time ¢; and final time ¢, 1076
4. Variational principles 1077
(a) Fluid motion assumed rotational 1077
(b) Fluid flow assumed irrotational 1084
(¢) Discussions 1086
5. Examples of application 1087
(a) A one-dimensional water—-mass—spring interaction problem 1088
(b) An externally forced one-dimensional compressible gas—mass—spring
dynamic interaction problem 1089
6. Conclusion 1092
Appendix A. Nomenclature 1092
References 1094

Based on the fundamental equations of continuum mechanics, the concept of Hamil-
ton’s principle and the adoption of Eulerian and Lagrangian descriptions of fluid
and solid, respectively, variational principles admitting variable boundary conditions
are developed to model mathematically the nonlinear dynamical behaviour of the
responses and interactions between fluid and solid. The nonlinearity of the fluid
is introduced through nonlinear field equations and nonlinear boundary conditions
on the free surface and fluid—solid interaction interface. The structure is treated as
a nonlinear elastic body. This model assumes the fluid inviscid, incompressible or
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1064 J. T. Xing and W. G. Price

compressible and the fluid motion irrotational or rotational but isentropic along the
flow path of each fluid particle. The stationary conditions of the variational princi-
ples include the governing equations of nonlinear elastic dynamics, fluid dynamics
and those relating to the fluid—structure interaction interface as well as the imposed
boundary conditions. A family of variational principles are obtained depending on
the assumptions introduced into the mathematical model (i.e. fluid incompressible,
motion irrotational, etc.) and these provide a foundation to construct numerical
schemes of study to assess the dynamical behaviour of nonlinear fluid—solid inter-
action systems. Two simple illustrative examples are presented demonstrating the
applicability of the proposed theoretical approach.

1. Introduction

Fluid—structure interaction problems in engineering involve inter-disciplinary studies
relating to the fluid, flexible structure and their physical coupling mechanisms. The
assessment of the dynamical behaviour of the elastic structure and fluid requires the
formulation of a mathematical model representing the interactive mechanisms within
the continuum and the formulation of numerical analyses to evaluate the character-
istics of the dynamic system. In this paper this is achieved by the creation of a
theoretical model based on the fundamental principles of continuum mechanics, the
concept of Hamilton’s principle and through the development of variational principles
suitable for nonlinear fluid—structure interaction problems. These variational princi-
ples provide a mechanism for the transformation of the partial differential equations
governing the dynamics of a structure, fluid or fluid—structure interaction system,
defined by an appropriate set of physical variables (i.e. displacement, pressure, stress,
etc), into an alternative set of ordinary differential or algebraic equations amenable
to numerical analysis and hence, a numerical scheme of study. In this context, the
Galerkin method or, more generally, the weighted residual method provides an al-
ternative enabling role in the derivation of solutions to complex dynamical system
problems (see, for example, Oden 1972; Zienkiewicz & Taylor 1989, 1991).

For fluid mechanics type problems, investigations of variational principles resem-
bling Hamilton’s principle have been undertaken by Serrin (1959), Luke (1967),
Seliger & Whitham (1968) and Miles (1977). Luke incorporated a variable boundary
into a variational principle developed to generate the governing equations and to
analyse the behaviour of gravity waves in a two-dimensional incompressible fluid.
Seliger & Whitham did not examine the implications of variable boundaries but
concluded that the fluid pressure variable was the Lagrangian function within the
fluid variational principle. Tkegawa & Washizu (1973), utilizing the stream function,
introduced a variational principle to model an incompressible gravity flow with a free
surface using the finite element method whereas, Ecer et al. (1983), Ecer & Akay
(1983) and Ward et al. (1988) developed variational approaches to model incom-
pressible, viscous fluid flows.

For linear fluid—solid interaction problems, several different forms of variational
principles have been developed successfully to describe the dynamical behaviour of
rigid or flexible structures and a fluid with or without free surface (see, for ex-
ample, Xing 1984, 1986, 1988; Liu & Uras 1988; Xing & Price 1991; Bathe et al.

Phil. Trans. R. Soc. Lond. A (1997)
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Variational principles for nonlinear fluid—solid interactions 1065

1995; Morand & Ohayon 1995; Xing et al. 1996). For nonlinear fluid—solid interac-
tion problems, because of the complexities of the interactive mechanisms involved,
only limited advances have been achieved in deriving descriptions of the nonlinear
dynamical behaviour of both solid and fluid. Kock & Olson (1991) presented a finite
element method to analyse linear and nonlinear fluid—structure interaction problems
by adopting a variational indicator approach based on Hamilton’s principle for in-
viscid, irrotational and isentropic fluid flows throughout the fluid domain. In this
analysis, the entropy s is assumed constant in the whole fluid domain (rather than
a function of the space coordinate as assumed herein) and two Lagrangian multi-
pliers are introduced to make the global conservation of mass and the equation of
continuity valid at the same time.

In the construction of a variational description of the dynamical behaviour of a
nonlinear fluid—solid interacting system, two fundamental difficulties are encountered.
The first concerns the concept of local (or space) variation and material variation. In
an Fulerian description of the fluid field, all variables are functions of local coordi-
nates fixed in space and time whereas in the Lagrangian description of the structure
the motion variables are functions of the material coordinates fixed to each particle
or element of the structure and time. Thus when the structure moves, the material
coordinates also move from their original positions to new positions in space. These
differences are further extenuated when examining time differentials, time integrals,
etc. and therefore two kinds of arguments relating to fluid and structure must be
included in any proposed variational functional. The second difficulty relates to vari-
ational principles involving variable boundaries. For example, in a linear analysis
with all motions assumed very small, the boundary of the fluid domain during mo-
tion is assumed to be the same as the original boundary in stationary equilibrium.
In a nonlinear study involving large disturbances and a free fluid surface, such an
assumption is invalid and a variable boundary fluid domain must be included in the
mathematical model.

In this paper, variational principles to describe the nonlinear behaviour of fluid—
structure interaction systems are developed by constructing a unifying theory based
on the studies of Gelfand & Fomin (1963) and Mclver (1973) relating to the concep-
tual difficulties previously discussed, variational principles and their applications in
fluid dynamics (Serrin 1959; Seliger & Whitham 1968; Miloh 1984; Rainey 1989; van
Daalen et al. 1992; Galper & Miloh 1995) and those for nonlinear solid mechanics
(Green & Zerna 1954; Oden & Reddy 1976; Washizu 1982; Xing & Price 1996). It is
assumed that the fluid is inviscid, incompressible or compressible, with or without
a free surface and its flow can be rotational or irrotational but isentropic along the
path of each fluid particle. The solid structure is treated as a nonlinear elastic body.

The stationary conditions of the variational principles formulated include the gov-
erning equations of nonlinear elastic dynamics, consistent relationships of motions
and equilibrium conditions on the fluid—solid interaction interface, the governing
equations for fluid dynamics and the associated boundary conditions, including those
associated with nonlinear free surface disturbances. These variational principles pro-
vide the base on which to develop numerical schemes of study to evaluate the non-
linear dynamical behaviour of the typical fluid—structure systems illustrated in fig-
ures 2—4. To demonstrate the applicability of the variational principles, by way of
example, two simple dynamical problems are investigated.

Phil. Trans. R. Soc. Lond. A (1997)
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1066 J. T. Xing and W. G. Price

2. Description of the motion of a continuum

In order to describe the motion and dynamic characteristics of a continuum (elastic
solid or fluid) in a three-dimensional space, suitable systems of reference are needed
(see, for example, Green & Adkins 1960; Truesdell 1966; Malvern 1970; Fung 1977).
To this end, the spatial coordinate system adopted is a fixed rectangular Cartesian
frame of reference with coordinate x; (i = 1,2,3). At time t = ¢, a material particle
located at z; = X is identified by a set of ordered real numbers (X7, X5, X3), referred
to as the material coordinates. Since this is a symbolic coordinate used to identify
a material particle, it can be chosen in different ways. For example, this role may
be played by a field function a(x,t) representing a particular physical quantity of
the continuum. As time proceeds and the material particle moves from location to
location in the three-dimensional space, its history of motion can be represented by
the equation

r; = x( Xy, Xo, X3, t) = (X, 1). (2.1)
Mathematically, this equation defines a transformation of a domain (2;(X,#;) into
a domain §2,(X,t), treating time ¢ as a parameter. It is assumed that an unique
inverse of this equation exists and the Jacobian J of the transformation is positive,
i.e.

Xi :Xi<I1,l'2,l'3,t) = Xz(.'lf,t) (22)
and
If such an equation (2.1) or (2.2) is known for every particle in the continuum, then
the history of motion of the continuum is defined. In this paper, this material coordi-
nate description is used to describe the motion of the elastic solid. The displacement,
velocity and acceleration of each particle in the elastic body are therefore a function
of (X;,t) and they take the following forms, respectively:

‘/Z( ’t) at x Dt ity ( 5)
Wi(X,t) =Viy = Ui (2.6)

When describing the fluid flow, it is not necessary to identify the location of
every fluid particle during motion but rather the instantaneous velocity field and its
evolution with time. This leads to a spatial description in which the location = and
the time t are taken as independent variables and the instantaneous velocity field of
the fluid is represented by v;(x,t). By applying the material derivative definition to
the field function (), i.e.

D0

D = Vet il (2.7)
the instantaneous acceleration field is given by
D’UZ' (%, t) 8Ui (X, t)
w;(x,t) = “Dr Vit + 0505 = o (2.8)

(a) The translation velocity and transmission velocity of a curved surface in space
Let us consider a curved surface in space represented by the equation

f(xlvx%x?nt) :f(wat) :Oa (29)
Phil. Trans. R. Soc. Lond. A (1997)
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Variational principles for nonlinear fluid—solid interactions 1067

(b) n;

Figure 1. Continuous change of the boundary of a moving region: (a) the case of § =0, i.e. a
material region and N = v;n;; (b) the case of  # 0 and the translation velocity N # v;n;.

where f(z,t) is a continuously differentiable function. The differential of the function
f(x,t) takes the form

df = f.dt + f,dx; (2.10)
and therefore
f+dt +|grad f|dr = 0. (2.11)

Here, dr = dx;n; represents the projection of the elemental length dx; onto the
normal vector 7; of the curved surface, where

fi
N = ————. 2.12
| grad f| (212
From equation (2.11), the translation velocity of the curved surface is defined by
dr ft
N=—=——"2—. 2.1
dt | grad f] (2.13)

and the projection of the velocity v; of the continuum onto the normal vector n; of
the surface takes the form
v, f Vi

Vy = U31); = .
1O Tgrad f]
From these results, the transmission velocity of the curved surface is defined by the
relative velocity

(2.14)

Df/Dt

|grad f|
Physically, the translation velocity N of a curved surface is the velocity observed by
an observer standing on the fixed reference coordinate system, but the transmission
velocity 6 represents the velocity observed by one standing on the material particle of
the continuum with flow velocity v;. Therefore, if 8 = 0, this moving curved surface
is a material surface and if = —v,, it reduces to a fixed surface in space.

=N —uv, = (2.15)

(b) The time derivative of an integral over a moving volume in space

It is assumed that equation (2.9) represents a convex regular region (2(x,t)
bounded by a surface I'(x,t), consisting of a finite number of parts whose outer

Phil. Trans. R. Soc. Lond. A (1997)
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1068 J. T. Xing and W. G. Price

normals form a continuous vector field, and that all regions of the solid and fluid are
treated as regular. Let F(x,t) represent any continuously differentiable function in
(x,t) and

I(t) = /J " F(z,t)d0 (2.16)

denotes the volume integral of this function at time ¢. The function I(t) retains
dependence on t because both the integrand F(z,t) and the domain (2(x,t) are
intrinsic functions of this parameter. As ¢ varies, I(t) also varies and therefore there
exists the time derivative dI/d¢. In visualising the evaluation of this quantity (see
figure 1), the boundary I' of the region {2 at instant ¢ translates with velocity N
to the neighbouring surface I"" of the region {2’ at instant ¢ + A¢. Thus in time At,
the change in distance N At produces an elemental change in volume df2 = NAtd[I'.
Therefore, the time derivative of I is defined as

drl 1
dt_Al}kIEOAt[/ F(a:,t—l—At)dQ—/QF(a:,t)dQ]

~ fim 1{/[F(ac,t+At)—F(m,t)]d!)+/AQF(w,t+At)dQ}

At—0 At
—/ F.,dn + I}BOA/ (z,t+ At)NAtdI’
= /QEtdQ + /F F(z,t)NdI. (2.17)
From equations (2.13) and (2.14), it follows that dI/dt¢ can be rewritten as
if; /QF de —1—/FFvim dr —I—/FFQ dr, (2.18)

defined at time t. If the transmission velocity 8 = 0, the domain {2 is the material
domain 2y and the time derivative of I(¢) reduces to the material derivative of the
volume integral over the material domain. That is,

DI DF
Dt kO3V I'v O Dt

after applying Green’s theorem. From this result and subject to the continuum obey-
ing the continuity equation (see equation (3.14)), it follows that (see, for example,
Malvern 1970)

D DF
— Fdf? = —d{f. 2.20
Dt /o, * /Q "Dt (2:20)
If the transmission velocity § = —v, = —v;n;, the domain 2 reduces to the fixed
domain 2 in space and the time derivative of I(¢) reduces to the form
dr
— = / F.do. (2.21)
dt o

(¢) A local variation and a material variation

Let éx = du(X,t) = du(x,t) represent a virtual displacement of the particle X in
the continuum from its instantaneous position . This perturbation is produced, say,
by an arbitrary small additional internal or external force. The vector function du is

Phil. Trans. R. Soc. Lond. A (1997)
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Variational principles for nonlinear fluid—solid interactions 1069

assumed to be finite valued and continuously differentiable; moreover, it conforms to
any restrictions placed on the continuum position (e.g. kinematic constraints, etc.).
Due to the small displacement éx, a scalar or vector field denoted by ¢ = ¢(x,t)
at position & changes to ¢* = ¢*(x,t;¢) and the original particle at x, which is
now at the new position * = x + cdx, acquires a field value of ¢*(x*,t;¢). Here,
¢ is an independent variation parameter, —1 < ¢ < 1. A local variation 6¢ in an
Eulerian description and a material variation 6¢ in a Lagrangian description of the

field function ¢ are defined, respectively, by Gelfand & Fomin (1963) to be

5o= 2B L e 1) — ol 130) (2:22)
e=0
and
_ 00X, tie)|  _ D¢*(x"te)| L L ,
8¢ = e B = De . o (x*, t;e) — d(x, ;0). (2.23)

Furthermore, they proved that there exists a relation between these variations of the
field function ¢ in the form

It is observed that dx is the initial velocity in a motion for which ¢ plays the role
of time t. Hence the relation between the local and the material variations of a field

function () is similar to the formulation denoted by equation (2.7) to calculate the
material derivative of the velocity field v;(x,t). That is,

8() = 8() + 624() - (2.25)

From these findings it can be shown that all local field derivatives commute but the
material operators §() and D() /Dt both relate to a particular particle. Therefore, the
following exchangeable and non-exchangeable relations with respect to differential
operations are valid:

50 = B0Ls: 804 =B0L 8 [} .

— 5,160 (226)

5| 3| =810+ 00, = 0L+ 0,30+ 0 B0

Moreover, by considering equations (2.19) and (2.20) for domain 2r(x) and mate-
rial domain (2, ) in space, the following exchangeable relations with respect to
integral operations also exist:

5/t:2()dt:/tj26()dt, 6/!2F(z)()dQ:/QF(m)6()dQ,

to to
6/ ()dtz/ 5() dt, 6/ podrzz/ p8() d22,
tq t1 QM(m,t) .Ql\,l(:l!,t)

5 ()de = / (60 + Ol6a:]..} A2,
) 2m (,t)

O2m (:c,t

Phil. Trans. R. Soc. Lond. A (1997)
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1070 J. T. Xing and W. G. Price

6/9M(m7t)()d0(m,t) = /QM(X,tl)é[()J] dR(X, 1),

5/98()”1)() d(X 1) = /QS(X’M) () dR2(X,t). (2.27)

In this paper, a local variation is adopted within the fluid domain and a material
variation is used in the solid domain. Therefore, for a function ()(X,?) defined in
the material coordinate, there also exists the exchangeable relations

o |2V | = | = a100x. 010 = 0K

o | 20| = st 01 = 0.0 (2.28)

(d) The local variation of an integral over a moving volume in space

Let the functional H[¢|, defined over the moving region 2(x,t) illustrated in
figure 1, be expressible in the following form:

H(¢] = /t /Q (w,t)Fw’ ¢)dRdt (2.29)

where ¢ is a continuously differentiable function of (z,t). The local variation of this
functional is defined as

5H = lim L{HIo + =b¢] ~ Hlo]) (2.30)

where ¢ is an arbitrary constant independent of ¢, & and ¢ and 8¢ denotes any
arbitrary local variation of the function ¢(z,t), independent of e, satisfying the
conditions

0o(t1) = 0= 0¢(t2). (2.31)
It is noted that when a local variation of the functional H|[¢] is taken, the bound-
ary I'(x,t) of the region 2(«,t) also experiences a variation and that the integral
operation with respect to time ¢ and the one with respect to space @ are not inter-
changeable because the boundary I'(x, t) moves. The substitution of equation (2.29)
into (2.30) gives the local variation of this functional 6H in the form

_ 1 [t2 _ _
5H = lim ~ { / F(6+ €06, 6, + e¢,) d2 — /
Q(x+ebe,t)

e=0¢e Jy 2(x,t)

Flo, ¢,t>d9} dt

= lim 1 { / [F(¢+edp, by +ebd ) — F(¢, o] A2
Q(x,t)

e—0 g t

T / F(¢+ b, ¢, +€b¢1) drz} dt
AQ(z+eba,t)

to _ 1 _ —
/ { / 0F df2 + lim — F(¢p+¢ebp, 1+ edbpi)edxm; dF} dt
t1 2(a,t)

=08 Jp(an)

to
/ {/ 6Fd(l+/ F(¢,¢,t)6xmidr}dt, (2.32)
ty 2(x,t) I'(z,t)

Phil. Trans. R. Soc. Lond. A (1997)
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where, by comparison with figure 1, df2 = eéx;n; dI". From equation (2.26), the first
integral can be rewritten as

ta _ t2 OF — OF —
(SFdet:/ / {5 +—9 }dﬁdt
/tl /.Q(w,t) 4 Jo |09 ¢ 09+ Pt
2]

S AL () J  (255) )

Using the relations expressed in equation (2.17), it follows that this equation becomes

t2 oF oF — OF d OF _

/tl {/Q{aqb—<8¢’t)7j6¢d9—/Fa¢7tN6¢dF+dt/Qa¢’t6¢dQ}dt
t2 OF OF - OF OF —

= — — =) |8¢pd02— | =—NépdI' }d 5pdn
/tl{/g[acb (&zﬁ” ¢ /pam ¢ }”{/m,ﬂj }

& oF oOF _ OF _
_/tl { /;(m,t) |:a¢ B <a¢’t>,t:| 6¢d9 o r 6¢,t N6¢ dF} dtv (233)

after application of the time terminal conditions given in equation (2.31). This ex-
pression, now dependent on the local variation d¢, is used in the development of the
variational principles in §4.

to

3. Governing equations

Figure 2 illustrates a selection of typical fluid—structure interaction systems under
investigation as well as the nomenclature adopted. The solid body is treated as a
nonlinear elastic structure and the fluid is assumed compressible, inviscid with motion
isentropic along the path of each fluid particle. To assess the dynamical behaviour
of a nonlinear coupled system, it is necessary to model mathematically the dynamic
characteristics of the flexible structure within the solid domain {25, the fluid with
free surface in fluid domain (2 and the interacting mechanism at the fluid—structure
interface Y. This is achieved by adopting the governing equations of continuum
mechanics and these are expressed in tensor notation as follows.

(a) Solid domain

In a Lagrangian description of the motions of an elastic structure, a material
variation formulation is adopted. Therefore, the variables describing the dynamical
behaviour, e.g. displacement U,, momentum F;, stress o;;, etc., are functions of the
material coordinates X; fixed to each particle of the structure and time ¢t. The equa-
tions governing the motions of the flexible structure are (see, for example, Green &
Zerna 1954; Washizu 1982)

(1) Dynamic equation,

i+ E =Py, (Xi,0)efds X (t1,t2), (3.1)
where the Piola stress tensor
Ti; = (6 + Ui ) owj,  (Xi t)efds x (ty,t2). (3.2)
(2) Strain—displacement and velocity—displacement relations,
Eij=2U;; +Uji + U Uy ),  (X;,t)efds x (t1,t2), (3.3)

Phil. Trans. R. Soc. Lond. A (1997)
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Figure 2. Fluid—structure interaction systems.
V;‘ = Uiﬂf, (Xi,t)G.QS X (tl,t2>. (34)
(3) Constitutive equations,
Oij = 8A/8EU, (Xi,t)EQS X (tl,tQ), (35)
.Pi = 5B/8V“ (Xi,t)E.QS X (tl,tg). (36)

(4) Boundary conditions,

traction : TijVj = Ti, (Xi,t)GST X [tl,tg],
displacement : U; = Ui, (X, t)eSy X [t1,ta].

(b) Fluid domain

In an Eulerian description of the fluid field, a local or space variation is used, such
that, the dynamical variables describing the behaviour of the fluid, e.g. velocity v;,
pressure p, mass density pg, etc., are functions of the spatial coordinates x; and time
t. The equations describing the fluid motion are described below.

(i) State equation

The internal energy per unit mass of the fluid e is a defined function of the specific
volume v, or the density p¢, and the specific entropy s and it relates to other ther-
modynamic quantities by the state equation (see, for example, Serrin 1959; Seliger
& Whitham 1968; Woods 1975)

de =Tds — pdv, (3.9)

where T'(pt, s) is the temperature. The internal energy e and the specific enthalpy
(s, p) of the fluid satisfy the Legendre transformation relation

e—t=—pv=—p/p (3.10)
Phil. Trans. R. Soc. Lond. A (1997)
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Variational principles for nonlinear fluid—solid interactions 1073

and therefore

de Oe P
95 = T, = (3.11)

ops  pi’
o _oe v _1 12
0s Os op  pt
These functions e and v are thermodynamic potentials measured relative to a ref-
erence state. For an ideal homogeneous gas, the pressure p = po(pe/pro)”, where
subscript 0 denotes an initial uniform state (see, for example, Hunter 1976). If the

initial state is the reference state, then the internal energy is given by the equation

P K 1 1
LG G Gem) e
pro P o P y—=1\pt  pro
(ii) Equation of continuity

Pt + (pf’Ui),i = O, (.’Ei,t)an X (tl,tz). (314)

(iii) Conservation of energy

It is assumed that motion takes place without loss of energy through the generation
or transfer of heat, or, more precisely, that the specific entropy s of each fluid particle
remains constant during the motion, i.e.

Ds
ﬁ = O, (x,»,t)eﬁf X (tl,tg), (315)
or
(pf8)7t + (,OfSUZ‘),i = O, (l‘i,t)ﬁgf X (tl,tg). (316)

Here, the entropy s is treated as a function of the spatial coordinate z; and time ¢
within the total fluid domain and not as a constant, as assumed by Kock & Olson
(1991).

(iv) Conservation of the identity of particles

In an Eulerian description of motion, the fluid domain is occupied by different fluid
particles o at each point z; and time ¢. The identity coordinate of particle « is a field
function of z; and time ¢. As time passes, fluid particles change their positions, but
their identity coordinate o remains unchanged along the path of each particle (see
Lin 1963). Therefore, each coordinate satisfies the relation (see, for example, Seliger
& Whitham 1968)

Do

E = 0, (xi,t)eﬁf X (tl,tg), (317)
or
(pfOé)Jg + (pfOéUZ)’i =0, (ZL’i, t)GQf X (tl, tg). (318)
(v) Dynamic equation
i 2 Du;
_i+ﬁ:Df (25, £)el % (tr, 1), (3.19)

Phil. Trans. R. Soc. Lond. A (1997)
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1074 J. T. Xing and W. G. Price

where, for a gravitational body force,

.fi = —(ng(SBj),i’ (xi,t)égf X (tl,t2)- (320)

The Clebsch transformation (see, for example, Forsyth 1890; Lamb 1932) allows the
velocity of the fluid to be represented by the form

v; =@, + 50+ ag;. (3.21)

The quantities 3, ( and « are not uniquely defined by this expression, since any
perfect differential may be added to ¢ with consequent changes in 3, o and (. The
vorticity w; of the velocity field v; is given by

Wi = €ijkVk,; = €ijkS,;Bk + €ijr;Cr, (3.22)

from which it follows that the field function ¢ represents a velocity potential provided
the flow is irrotational, s3; produces a vorticity caused by the distribution of the
entropy s and «a(; produces a vorticity caused by the distribution of the particles in
the fluid. By applying the material derivative operator in equation (2.7) to equation
(3.21) and using the results of equations (3.15) and (3.17), it follows that

Dv; (D¢ DB D¢ D5 D¢
Dt ( Topr T évj”j) Dt Dt

(3.23)

The substitution of equations (3.20), (3.23) and equation ¢ ; = p;/ps + 5,00 /0s,
obtained from equations (3.10) and (3.12), into the dynamic equation (3.19) gives

Dy _ Dj aD() :_s_<Dﬁ+8e> D¢

Dt "Dt “Dt 9s) " “ipg B2

(é”jvj Y — gx;bz; — Dt

As noted previously, there remains a measure of arbitrariness for the chosen forms
of ¢, 8, @ and (. An examination of this equation indicates that simplifications arise
if these variables satisfy the relations

D¢ _ o DB__0e_ 0¥ _ .

Dt ' Dt  0Os Bs ’
where Taub (1949) refers to [ as the temperature displacement. Under these condi-
tions, it follows that

(3.25)

Do Dﬁ D¢
(évjv] W — gxjbsj — De Dt Dt) =@, =0, (3.26)
or
D D D
Lojuy — ) — goybyy — 20 — 520 _ o D8y, (3.27)

Dt Dt "Dt

where () represents a time dependent function. Its value depends on the reference
point used to calculate the potential ¢ in equation (3.26). For simplicity, let A(¢) = 0.
This implies that the point &g, for which ¢(xg,t) = 0, is taken as the reference point
of the integration. Thus, the dynamic equation of fluid motion takes the form

D¢ DG D¢
e S el Nt
Dt Dt Dt

For a fluid motion assumed irrotational (s3,; = 0 = a(;), this equation reduces to

%’Uj’l)j — w — ngégj — = 0, (.Ti,t)ﬁ.Qf X (tl, tg) (328)

Phil. Trans. R. Soc. Lond. A (1997)
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Variational principles for nonlinear fluid—solid interactions 1075
Bernoulli’s equation for unsteady flow
100+ b+ 10+ 92635 =0, (25,t)e X (t1,t2), (3.29)
where ¥ = p/pr and A(t) = 0.

(vi) Boundary conditions

On the free surface it is assumed that éu, denotes the normal component of the
virtual displacement éz; of the fluid particles such that éx;m; = éu,. Because of
the motion of the particles in the free surface, the variation éu, is arbitrary. If an
unknown equation

h(l‘l,ﬂlg,l‘g,t) = 0, (xi,t)d"f X [tl,tg], (330)

describes the motion of the free surface, it follows that Dh/Dt = 0 because it is a
material surface. This implies, from equations (2.12)—(2.15), that § = 0, N = v;n;
and the kinematic condition on the free surface is given by the equation

hy h;
N=—— = v (s, )el X [t ). 3.31
| grad h| Vil =Y | grad h| (@i t)elt x [, 2] ( )

Because the pressure on the free surface is atmospheric, p = 0 and, using equations
(3.10), (3.28) and (3.29), the dynamic condition on the free surface is expressible in
the form

Dy _ Dj _ D<>:o, (i, 0)€ls X [t1, 1], (3.32)

o <;'Ujvj —e—gx,b3; — D s Di oth

for the fluid motion assumed rotational and, in the reduced form,

pele+ 5005+ b+ gu;635) =0, (2, t)ely x [t1,to], (3.33)

for the irrotational case.
On the boundary I',, for the fluid motion assumed rotational,

pevin; = Proy, (@i, t)ely, X [t1,ta], (3.34)
s=8 a=4a&, (z;,t)el, X [t1,ts], (3.35)
whereas, for the irrotational case,
pedini = Py, (x4, t)elly X [ty,to]. (3.36)
On the boundary I'y,
6=0¢, B=0F (=0 (mt)elyx[t,ta], (3.37)
for both rotational and irrotational cases.

Remark 3.1. On the free surface, alternative forms of boundary condition to
those expressed can be developed. By way of a simple example, let us assume the
fluid is incompressible (e = 0, b = p/ps), the fluid motion irrotational and the free
surface disturbance

h(mla Z2, 133,t> = T/(xl) x27t) — T3 = Oa
where n(z1, 22, t) represents a surface wave disturbance. It follows from the kinematic

Phil. Trans. R. Soc. Lond. A (1997)
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1076 J. T. Xing and W. G. Price
condition
Dh_ o _Dn_ Day
Dt = Dt Dt
or
D
ﬁ? = V3 = ¢,i53i>

equation (3.33)

(w1, 2, t) = =1/g(ds + 50,;0,5)
and through the manipulation of these two equations that

Gt + 2004+ 20:(d0.5). + gbibs = 0.

This equation represents the nonlinear boundary condition on the free surface, which,
on neglect of products of terms, reduces to the usual form of the linear surface
boundary condition with n = —¢,/g.

(¢) Fluid-structure interface

Let us assume that there exists no discontinuity on the fluid—structure interaction
interface X during motions and the variation process. This implies that both the
virtual displacement é6x; of the fluid and the virtual displacement 6U; of the solid
have the same normal component at each point x; = X; + U; on the interaction
boundary X (i.e. éx;n; = —6U;v; = —6U,) and that the translation velocity of
the boundary X' in the fluid domain equals the normal velocity of the solid on the
boundary X' (i.e. N = V;n;). Therefore, the motion on the fluid—structure interaction
interface X' satisfies the following imposed conditions on the velocity and pressure.

For fluid motion assumed rotational, the normal velocity satisfies the relation

vini = Vini = =Vivi, (2, t)eX X [t ta], (3.38)
whereas, in the irrotational case,
o =Vimi = =Vivy, (@, 1)eX X [t1, t2]. (3.39)
For the rotational case, the pressure satisfies the interface condition

D D D
¢ Si — OZC) + VTV = 0, (SCi,t)(EE X [tl,tg],

P%%W*‘%%‘m‘nt Dt

(3.40)
and, for the irrotational case,
pele + gujbs; + dp + 300 5) —viTiv; =0, (24, 1)eX X [ty to]. (3.41)
The tangential force satisfies the relation
&mijv; =0, (x4,t)eX X [t1, o] (3.42)

for both rotational and irrotational cases involving an inviscid fluid.

(d) Variational conditions at initial time t1 and final time ty

The variational conditions applied at initial time ¢; and final time t5 take the
following forms. For the rotational case,

Sop(t1) =0 =06p(ts), xiell, (3.43)

Phil. Trans. R. Soc. Lond. A (1997)
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Variational principles for nonlinear fluid—solid interactions 1077
86(t1) =0 = 66(ty), wielk, (3.44)
6C(t1) =0 =06C(ta), wield, (3.45)
U (t1) = 0= 6U;(t2), X;ells, (3.46)
and these reduce to
Sop(t) = 0="06¢(ts), wsell, (3.47
oU;(t1) = 0= 06U;(t2), X;ells (3.48)

for the irrotational case.

4. Variational principles

(a) Fluid motion assumed rotational

From equation (3.22), it is found that the vorticity of the velocity field is caused
by the distribution of the entropy s and the distribution of the fluid particles a.
Therefore, when treating rotational motion, the equation of conservation of energy
represented in (3.15) and the equation of conservation of the identity of the fluid
particles in (3.17) must be considered. For example, in a simple incompressible flow
with constant entropy, (s; = 0) assumed throughout the fluid domain, there exists
the possibility of a fluid flow being rotational. However, from relation (3.17) with
parameters o and ¢ omitted from the mathematical model, the vorticity w; = 0
throughout the fluid domain implies a restriction to flows assumed irrotational with
the exclusion of all rotational possibilities. This proved a long-standing difficulty
in fluid dynamics until Lin (1963) perceived the necessity of introducing condition
(3.17) into a more general mathematical model as discussed by Seliger & Whitham
(1968).

(i) Compressible fluid with s ; # 0 in the fluid domain (2

It is found that amongst all the admissible solid displacement U; satisfying the
strain—displacement relations in equation (3.3), the velocity—displacement relations
in equation (3.4), the displacement boundary condition in equation (3.8) and the
time instant conditions (3.46), as well as the admissible fluid field arguments ps, v;,
o, s, B, a, ¢ satisfying equations (3.37), (3.43)—(3.45) and the function h describing
the free surface disturbance, the actual motion satisfying the governing equations in
(3.1), (3.7), (3.14), (3.16), (3.18), (3.21), (3.25), (3.28), (3.31), (3.32), (3.34), (3.35),
(3.38), (3.40) and (3.42) makes the 9-argument functional

H9[pfv”ia¢’sa57a7<-7h’ Ul]
" D¢ DB D¢
—/t1 {/Qipf<%l]j’l}j—€—g$J63j—Dt_Sm_Oé]:)t> dQ

+/ priy (¢ + 88 + &) dF} dt
I

v

_/ttz{/g [A(Eij)_B(V,;)—UiE]dQ—/S TiUidS}dt (4.1)

stationary, if the constitutive relations expressed in equations (3.5), (3.6), (3.10),
(3.11) and (3.12) are satisfied.

Phil. Trans. R. Soc. Lond. A (1997)
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1078 J. T. Xing and W. G. Price

In deriving the proof of this variational principle, it is noted that the fluid do-
main (% is a moving domain in space since the free surface It and the fluid—solid
interaction boundary X change during motion, but the material domain 25 of the
elastic structure, with respect to the material coordinates X;, remains unchanged.
For these reasons, the free surface disturbance function h appears as an argument of
the functional. By taking the local variation of the integral over the fluid domain (2
and the material variation of the integral over the solid domain {2, the variation of
this functional is given by

(S(fs)HQ[pfa Vi, ¢7 S?ﬂ? Q, C7 h? UJ

" D¢ DG D¢
_/lt1 {/f}f&{m( VU5 — e—ngégj—Dt—sDt—oth>] ds?

+/ Pr <1v'v;—e—gx'63;—D(b—sDﬁ—aDC>
rUs 270 T Dt Dt Dt

+/ pron0(¢ + 883 + &) dF} dt
I

v

to R R
—/ {/ 6(A—B—UiFi)d()—/ TiéUidS}dt
t1 s St
. D¢ DB D¢
_/t; {/Qfépf< V;jv; — w g@']égj—ﬁ— ﬁ_ Dt) dfn
- de Dﬁ D¢
+ [ ooty - (5 + 2 ) -3 ()
o 1% s T Dt Dt

Dpj D(¢- D¢
6<Dt> Dtéa aé(Dt)}dQ
Dng Dﬁ D¢
1o 0. — o= .
+/Ffuz Pt (203113 — gx;03; — Dt Dt aDt) dxymdl’

+ / e (56 + 584 + G5¢) dF} at
r,

ta
tl -QS ST

In deriving these relations, equations (2.27) and (2.32) are used to calculate the local
variations &() or material variations §(), in addition to the non-variational constraint
conditions given in equations (3.5), (3.6), (3.10), (3.11) and (3.12).

From equations (2.26), (3.3) and (3.4), the following additional relations are ob-
tained:

D ¥y < — —_
pd <Df) = (pt6@) 1+ + (prvid9) i — [pr.t + (prvi) 3]0 + pedd ibvs,

pesd (%f) = (pr563) 1 + (prsvidB) s — [(pr8) 4 + (prsvi) 168 + prsfidvs,

prad (3¢ ) = (rad) + ()~ [ + (i) 66 + praC

O'”(SE” = TZ](SU Plév; = PzéUz,t (43)

1,79
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Variational principles for nonlinear fluid—solid interactions 1079

The substitution of these results into equation (4.2), the application of Green’s the-
orem (X assumed continuous) and the application of equation (2.17) to the terms
(p£69) +, (prséB).+ and (prad(),; associated with the moving space domain 2, to-
gether with the substitution éx;n;, = du, (= dx;h;/|grad h|) on the free surface I%,
allows the variation of the functional Hg to be expressed as

6(fS)H9[pf7 Vi, (bv S, ﬂa «, C7 h7 Uz]
2 — D D D
[, o (e - B
X[pse+ (psi) iJ6d + [(pes) 1+ + (pesvi) 168 + [(psar) + + (praw;) 5]6¢

pe(0s — ds — 58, — als)Bv; — (86 + m) Fs pf%a] 40

0 Dt

Do DB D¢
L v — e — qEibar — —2 — g2 _ §
+/n~ [pf (211]1)] €= 9% — 77 TSy Dt) Uy

T pe(N — v (56 + 550 + a5<>] ar
~ [ prom(60 + 585 +as0)dr
I'y

- / [(prvini — psioy) 8¢ + (pesvini — P8y )86 + (prawin; — pedriyy)6¢] AT } dt
I

ta
+/ { / (Tij7j — Pi7t + Fz)(SUl dsfn
t1 s

- / (ri;v; — T)oU; AS — | 7;;0;6U; dS} dt

Su

D D D
/ / { [pf < V;v; — e — gT;035 — D—f — sD—f — oz])ih) + I/i’l'ijl/j:| oU,

t2

—{ / P,8U; A0 + / pe(8¢ + s + ad() d()} (4.4)
Qs 2

t1

Through the variational conditions expressed in equations (3.43)—(3.46) at time
instants ¢; and ¢», conditions (3.37) over the boundary I, and the displacement
boundary condition of equation (3.8), the integrals over I', and Sy, as well as the
last term in equation (4.4), vanish. Further, because of the independence of the
variations 8¢, 0s, 043, dar, 6C, dpg, 6v; in the fluid domain 2, the variations d¢, 643,
8¢ over the boundaries I}, I, and X, the variation du, on the free surface Iy, the
variations 6U; in the solid domain {25 and over the boundary St and the variations
60U, and 60U, over the fluid-structure interaction surface X, equations (3.1), (3.7),
(3.14), (3.16), (3.18), (3.21), (3.25), (3.28), (3.31), (3.32), (3.34), (3.35), (3.38), (3.40)
and (3.42) result when 6 Hy = 0, and vice versa.
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1080 J. T. Xing and W. G. Price

Remark 4.1. If the Clebsch transformation expressed in equation (3.21) is con-
sidered as a constraint condition on the functional Hg represented in equation (4.1),
the alternative functional with 8-arguments (ps, ¢, s, 3, «, ¢, h, U;) can be derived

HS[pfa ¢a Saﬁ7aa Ca ha Ul]

ta
= / { /Q pf[_%(d),i + 58 +a) (b + 5B+ al)

— ¢ — 8Bt —als —e— gr;6s3;]dR2 + / pily (¢ + 56 + Q) df} dt

v

_/tt2{/Q [A(Ei-)—B(Vi)—UiFi]df?—/S ﬁUidS}dt, (4.5)

in which the fluid velocity v; is excluded from the variational arguments.

The variational constraint conditions on this functional are given in equations
(3.3), (3.4), (3.8), (3.37), (3.21) and (3.43)—(3.46) and its stationary conditions are
represented in equations (3.1), (3.7), (3.14), (3.16), (3.18), (3.25), (3.28), (3.31),
(3.32), (3.34), (3.35), (3.38), (3.40) and (3.42), in which v; and the material deriva-
tives D()/Dt are replaced by their equivalent expressions through equations (3.21)
and (2.7), respectively.

Remark 4.2. The replacement of the internal fluid energy e with the enthalpy v
and the pressure p by expression ¥ — p/p; in equation (3.10) allows the functionals
Hy in (4.1) and Hg in (4.5) to be replaced, respectively, by

HlOp[pa Pt Vg, ¢a 87/37a7 C) ha Uz]

12
D
:/ {/ Pf(é’”ﬂj—dﬂr—gfﬂjfsz%j
t1 2 P

_De_ DE_ ozD<> a0 +/ priny (¢ + 38 + GC) dF} dt
I,

Di Dt Dt
- /: { /QS [A(E;j) — B(V;) — U;F;) A — /ST T,U; dS} ¢ (4.6)

H9p[p) 148 ¢) S, 67 «, Cv h» Uz]
ta
= / { /Q pf[_%(¢,i + 58 +a)(p: + 8B, + al;)
—p1— sBy — aCy — ¥+ (p/pr) — ga;j6s;] A2

+/ prig (¢ 4 88 + &) dF} dt

v

and

_/ttz{/Q [A(El..)_B(VZ.)_Uiﬁ’i]dQ—/S TiUidS}dt. (4.7)

Here, the pressure p is introduced into the variational arguments and the constitutive
equation represented in the second equation of (3.12) is now one of the stationary
conditions. The variational constraint conditions and stationary conditions are the
same as those applied to the functionals Hg and Hg, respectively.
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Variational principles for nonlinear fluid—solid interactions 1081

Remark 4.3. Equations (3.3), (3.4), (3.8), (3.37) are the variational constraint
conditions applicable to the functional Hjo, in equation (4.6). A relaxation of these
conditions is achieved through use of the Lagrangian multiplier method (for ex-
ample, see, Courant & Hilbert 1962). By this means, the following functional with
14-arguments (p, ps, vi, ¢, s, B, o, ¢, h, Ui, 05, E;j, P;, V;) is obtained:

H14[p7pf;'0i7¢7 Svﬁa CM7C,h, Ui7aij7 Eija Pi7 ‘/1]

t
: P D¢  Dg D¢
:/t1 {/prf<%vjvj7/}+pfng(SSthSDtOth dan

+/ ety (¢ + 56+ ag)dlr
I

v

+ [ ponl(6 =)+ 55— ) +alc - ) dr} dat

_/tm{/ﬂ [A(Ei;) — B(V;) — Ui, + Pi(V; — Usy)

*Uij(Ei- — %(Uiﬁj + Uj,i + Uk,iUk,j))] d.Q

St Su

The variational constraint conditions of this functional at times ¢; and ¢, reduce
to the conditions given in equations (3.43)—(3.46). The stationary conditions of this
functional include all the governing equations of fluid—structure dynamic interaction
problems.

Remark 4.4. The variational constraint conditions at times t; and ¢ given in
equations (3.43)—(3.46) can also be released, if four time conditions at times ¢; and
to are considered (see Xing & Price 1992).

(ii) Compressible fluid with s; = 0 throughout the fluid domain (2%

If the entropy s of the fluid is treated as constant throughout the fluid domain
%, equation (3.15) is automatically satisfied and s; = 0 in §%. From this condition,
the vorticity w; in equation (3.22) is independent of the entropy s and the fluid field
velocity v; can be represented as

vy = ¢ +ad, (4.9)

because the term s, in equation (3.21) can be absorbed into ¢ ;. In this case, the
functionals Hy in (4.1), Hg in (4.5), Higp in (4.6), Hy, in (4.7) and Hy4 in (4.8),
respectively, reduce to the following forms:

H7[pfa Vi, ¢7 a, (a h) Uz]

" D¢ D¢
:/t1 {/prf <%’Uj1}j —e—gx;b3; — Dt aDt) dsf

+/ Prin (¢ + &) dF} dt

v

_/t”{/n [A(Eij)_B(V;)—UiE]dQ—/S TiUidS} dt, (4.10)
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HG[Pf7¢7047C7h7 Uz]

:/{/Q ([=1(6, + aC) (6 + )

—¢, —aly — e — gr;bs;]dR2 + / priy (¢ + 6C) dF} dt

v

tz R R
—/ { / [A(E;;) — B(V;) — U; F;]df2 — / T;U; dS} dt, (4.11)
t1 -QS ST
HSp[pa Pt Vg, ¢a «, C) ha Uz]

2 D¢y D¢
:/n {/"( by = 5 o Dt)dg

+/ b (¢+ag)dr}

pe
{ — B(V;) = U;F}] drz—/ST TiUidS} dt,  (4.12)

H?p[Pva7¢7a7C7han]
to
= [ otbes+acoes+ac

—¢+—als — Y+ (p/pr) — gr;j63;] A2 + / priy (¢ + &q) dF} de

v

_/f{/g [A(Eij)_B(m)—UiFi]dQ—/g ﬁUids}dt, (4.13)

H12[p,Pf,'Ui,¢aa, Ca h’) Ui70ij7Eij7Piv sz]

e Do I
—/tl {/prf( oy =+ L gyl - Dt) a0

[ o +a0)ar+ [ pwnlo =) +ac -0 dr} t

r, ry
to R
- [ ) - 50y - vk s R - 1)
t1 Qs
—0ij(Eij — 5(Uij + Uji + U iUy 5))] A2

and

ST SU

For these functionals, the applied variational constraint and stationary conditions
correspond to those of the original functionals with all terms associated with entropy
s and B excluded.

(iii) Incompressible fluid
For an incompressible fluid, the fluid density is a prescribed constant, pr = p¢
(say), the variation ép; = 0 and the equation of continuity expressed in equation
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Variational principles for nonlinear fluid—solid interactions 1083
(3.14) reduces to the form
Vii = 0. (415)

The replacement of pg by pr in the expressions derived for the functionals in §4 a (i)
and §4a (i) allows the corresponding functionals for an incompressible fluid to be
obtained. For example, for functional Hy in equation (4.1), it follows that

_Hg[i)m(ﬁ,S,,@,O[,(,h,Uﬂ
t2 Do DB D¢
— b [ Lov, — e — quibar — —0 — 5= — q=> ) dR
/t; { /.Qf o (21}]1}] ¢ ngég] Dt s Dt “ Dt) d

+ [ o+ 58+ ) dr} at
I

_/t; {/Q [A(E;;) = B(V;) = UiF) dQ2 —/S T,U; dS} dt. (4.16)

It is noted that the internal energy of an incompressible fluid is a function of the
variable s only, so that e = 0 if s; = 0 throughout the fluid domain §%. Therefore,
for pr = pr and s ; = 0, the terms e and 1) — p/pr in the functionals in §4 a (ii) vanish,
respectively. For example, it follows that

I:I5 [¢7 a, C7 h7 Uz]

B / { /9 Prl=3(i +aCi) (@i +ali) = b — als — gu;65,] A2

+ [ o+ a0 dF} at
I

to
—/ {/ [A(E;;) — B(V;) — U;F} dR —/ T,U; dS} dt (4.17)
t1 s STt
is obtained from functional Hg in equation (4.11) and

ﬁGp[pv ¢7 «, C7 h7 U’L]

to
- / {/Q prl=1(s + aC) (¢ +aCy) — by — aly — gz;6s,] A0

+/ Pen (¢ + &Q) dF} dt
r

_/t;{/ﬂ[A(Eij)—B(W)—UiFi]dQ—/g TiUidS}dt (4.18)

from H7, in equation (4.13).

The introduction of the incompressible condition excludes the equation of fluid
motion, expressed in equation (3.28), from the stationary conditions of the associ-
ated functionals. This is because the velocity field v; of an incompressible flow can
be solved independently of the pressure p. The latter being determined from the
dynamic equation after the evaluation of the velocity v; through the variation of the
functionals.
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(b) Fluid flow assumed irrotational
In this situation, the fluid field velocity is given by

v = @, (4.19)
corresponding to the case s3; = 0 = a(; in equation (3.21). Furthermore, the
internal energy e of the fluid depends only on the fluid density pg, whereas the
enthalpy 1 depends only on pressure p. Therefore, the variational principles for an
irrotational fluid flow are derived as special cases of the variational principles for
the rotational examples given in §4 a. These variational principles are described as
follows.

(i) Compressible fluid

From functional Hy it is concluded that amongst all the admissible solid displace-
ment U; satisfying the strain—displacement relations in equation (3.3), the velocity—
displacement relations in equation (3.4), the displacement boundary condition in
equation (3.8) and the time instant conditions (3.48), as well as the admissible fluid
field arguments pg, v; and ¢ satisfying equations the first equation of (3.37) and
(3.47) and the function h describing the free surface disturbance, the actual motion
satisfying the governing equations in (3.1), (3.7), (3.14), (4.19), (3.29), (3.31), (3.33),
(3.36), (3.39), (3.41) and (3.42) makes the 5-argument functional

to D o
HS[Pf,Uu@ h, Ui] = / {/ pf(;vjvj —€— 9%‘53;' - D¢> dg +/ van¢ dF} dt
t1 2 t r,

ta
—/ {/ [A(Eij)—B(Vi)—UiFi]dQ—/ TiUidS} dt. (4.20)
t1 s St
stationary, if the constitutive relations expressed in equations (3.5), (3.6) and the
second equation of (3.11) are satisfied.

Remark 4.5. If the representation expressed in equation (4.19) is considered
a constraint condition on the functional IT;, then the 4-argument (p¢, ¢, h, U;)
functional

to
Iy [ps, ¢, h,U;) = / {/ﬂ pf[*%ﬁ,i(ﬁ,i — ¢ —e— grjbs;]ds? +/

t1 Iy

priy dF} dt

_/ttg{/ﬂ [A(E;;) — B(V;) — U;F}] dQ—/S TiUidS} dt (4.21)

is derived. The variational constraint and stationary conditions of this functional are
those of the functional IT5 except that equation (4.19) is now treated as a variational
constraint condition and v; is replaced by ¢ ; in the stationary conditions.

Remark 4.6. A repeat of the argument used to derive Hyg, in equation (4.6) and
Hy, in equation (4.7) allows functionals IT5 and II, to be replaced by functionals [Ty,
and II5,, respectively, having pressure p as an additional argument. That is,

Hﬁp[pv Pty Vi ¢7 h> Uz]

to D
= [ o (o vs 2 gap - G2 ) a0+ [ graoar far
t1 2 pf Dt r,

_/f{/g [A(Eij)—B(%)—Uiﬁ;]dQ—/S ﬁUidS} dt (4.22)
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Variational principles for nonlinear fluid—solid interactions 1085

and

HSp [p7 Pt ¢>7 h7 Uz]

ta
-/ { [ o [—;¢7i¢,i—¢,t—w+p—ga:jésj} a + [ ﬁf@wdr}dt
t1 ¢ Pt r,

_/ttz{/Q [A(Ei;) — B(V;) — UiF}) dQ—/S TiUidS} dt. (4.23)

The variational constraint conditions and the stationary conditions of these two
functionals are those derived for the functionals II; in (4.20) and I, in (4.21), re-
spectively.

Remark 4.7. By repeating the derivation of functional Hy, in equation (4.8)
to functional IIs,, the following 10-argument (p, pf, vi, ¢, h, U;, 045, Eij, P;, V;)
functional is obtained:

HlO[pv Pt Vi, ¢a h7 Ui70ij7 Eijv Piu sz]

to D¢)
= Lo, —1p+ 2 — x,(s,_) df
IV RICTErEya

+/ ﬁf@n¢df+/ vaini(¢_(£) df}dt
r ry

v

to
- [ 1w - 50 - v 2 -0
t1 Qs
—Uij(Ei- — %(Ui,j + Uj,i + Uk,iUk,j))] dQ
St Svu

The only variational constraint conditions on this functional are the variational condi-
tions at times ¢; and ¢, given in equations (3.47) and (3.48). Its stationary conditions
include all the governing equations of the fluid—structure dynamic interaction prob-
lem expressed in equations (3.1)—(3.8), the second equation of (3.12), (3.14), (4.19),
(3.29), (3.31), (3.33), (3.36), the first equation of (3.37), (3.39), (3.41) and (3.42).

Remark 4.8. The variational constraint conditions at times ¢; and ¢ given in
equations (3.47) and (3.48) can also be released (see Xing & Price 1992).
(ii) Incompressible fluid

The substitution of pf = pr and e = v —p/pr = 0in §4 b (i) produces the functional
descriptions of an incompressible fluid. That is, functional IT5 in equation (4.20) (or
IIs, in equation (4.22)), II, in equation (4.21) (or II5, in equation (4.23)) and II; in
equation (4.24) reduce to the respective forms

ﬁ4 [vi7 ¢7 h7 Uz]

to ~ L D¢ .
= Pt §Uj’l]j — gl'jégj — D7t ds + pfvnqﬁdf dt
t1 2 I,
to R R
—/ {/ [A(Ey;) — B(V;) — UiE] d@2 — / 7, dS} dat,  (4.25)
t1 0g St

Phil. Trans. R. Soc. Lond. A (1997)


http://rsta.royalsocietypublishing.org/

'y
fA \
o \

L A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

y \

r

A

I\
‘//\\ \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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]NYB [¢7 h7 Uz]

ta
=/ {/ Pe[—50.i0i — b1 — ga;03;] dQJF/ ﬁ@@df}dt
t1 (o

v

_/:{/QS[A(Eij)_B(m_UiFi] dQ—/ST TiUidS} dt (4.26)
and

ﬁs[“m ¢, h,Us;, Oij, Eij7 P, Vi}

ta ~ D(Zﬁ
= /t1 { /(Zf Pt (é’l}j?}j — gﬂ')jégj — Dt) d.Q

+/r peoy@ dI’ + /F¢ promi(¢ — @) dF}dt

v

_/ttg{/g [A(Ey;) — B(V;) — UiF; + Py(V; — Uiy)

—0ij(Eij — 5(Usj + Uji + Uy iUy 5))] A2
ST SU

(¢) Discussions

The previously developed variational principles for nonlinear dynamical fluid—solid
interaction systems are based on the concept of Hamilton’s principle. They reduce
to functionals describing the dynamics of either solid or fluid treated separately or
fluid—structure interaction; this is now briefly discussed.

(i) Fluid domain $% and its boundary I, excluded

The functionals expressed in equations (4.1), (4.5)—(4.7), (4.10)—(4.13), (4.16)—
(4.18), (4.20)—(4.23), (4.25), (4.26) reduce to the principle of potential energy in solid
mechanics (see, for example, Green & Zerna 1954; Washizu 1982) and the functionals
given in equations (4.14), (4.24), (4.27) reduce to the dynamical form of Hu-Washizu
principle in solid mechanics (see, for example, Washizu 1982; Xing 1984).

(ii) Solid domain $25 and its boundary St excluded

On the assumptions of neglecting gravity potential and that all variations are taken
to vanish on the boundary as adopted by Seliger & Whitham (1968), the functional
in equation (4.1) reduces to

" D¢ Dp D¢
H ) — Loyay.
olpe, vi, @5, B, i, (] /t1 {/Qf pf (21)]11] €~ Dr Ds aDt> dQ}dt,

(4.28)
where the integrand is the Lagrangian density, i.e. pressure as shown by Seliger &
Whitham (1968).

The associated form of the functional in equation (4.26) for a two-dimensional
incompressible inviscid fluid flow assumed irrotational produces the variational prin-
ciple developed by Luke (1967) accounting for variable boundaries, of which a dy-
namical equivalent was given by Miles (1977).
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X
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Figure 3. A one-dimensional water—-mass—spring interaction system

(iii) Special cases for fluid—solid interaction

The functional Iy expressed in equation (4.21) is similar to the one presented by
Kock & Olson (1991) except that the global conservation of fluid mass is included
in their functional. Since this conservation relationship can be obtained through
the equation of continuity in the functional, the present analysis shows that this
additional requirement is a redundancy within the functional.

(iv) Linear models

Based on the assumption of linearity, the variational principles developed for non-
linear problems reduce to the corresponding principles for linear fluid—solid interac-
tion problems (see, for example, Xing 1988; Morand & Ohayon 1995).

5. Examples of application

The two examples chosen are of an elementary nature but they illustrate the
application of the variational principles to dynamic interaction problems without
the necessity of becoming engaged in numerical analysis as would be the case if more
realistic examples were examined.
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1088 J. T. Xing and W. G. Price

(a) A one-dimensional water—mass—spring interaction problem

Figure 3 illustrates the one-dimensional fluid-structure interaction system under
examination. It consists of a water column of height L = X, — X; with free surface,
a piston of mass M and of unit sectional area and a spring of stiffness K. The
water is assumed incompressible, of density g = 1, and the fluid flow irrotational. In
equilibrium, x = X; and z = X, denote the bottom and top positions of the water
column which at any time ¢ during motion move to positions x; and s, respectively.
If Xy represents the position of the top face of the piston when the spring is in
its non-stretched state, the potential energy of the spring in its compressed state is
%K(l‘l - X0)2.

For this problem, the functional I expressed in equation (4.26) takes the form

to o
Tae[$, 22, 01] = / / ~1pab . — by — go] dadt
tl Ty

to d 2
_/ {;K(Il — Xo)? — ;M<;1> +ng1] dt. (5.1
t1

The boundaries at x; and x5 are moving points and therefore the results expressed in
equation (2.32) are required when taking the variation of this functional. This gives

t2 xro
09, =5 [ [ [-h0ub 00 - goldud
t1 x1

ty 2
—6/ [;K(xl — Xo)2— 1M (?;) + ngl] dt
t

t2 T2
— [ roub6. 5o, e
t1 xrq

t diL’l dxl
_ K — X — M —5— M
Zl |: (33‘1 0)53}1 dt 6 dt + 95$1:| dt
ta

+ {[%¢,r¢r +o.+ gw”ﬂc:mgxl - [%(mebz +o,.+ 937”96266251'2} di.

t1

(5.2)

The application of equation (2.17), Green’s theorem and the conditions ¢z;(t1) =
0 = 6x1(t2) and 6¢p(t1) = 0 = d¢(t2) to this equation gives

to T2
6(fS)ﬁSe :/ {/ ¢,wmg¢ dz
tl Xy

d?z
+ |:§¢?w($1,t)+¢7t(ml,t)+gl’1—K(.Tl—Xo)—M !

dt?

— Mg} bz

+ |:d;;;2 - ¢,z(x2,t):| 5¢(.’E2,t> — |:(E,L‘t1 — ¢7m(l’1,t):| 5¢(l’1,t)
[ () + () + gxz]éwz} dt. (5:3)

Because of the independence of the variations ¢ in the water domain 2 = (z1, z5),
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Variational principles for nonlinear fluid—solid interactions 1089

621, 625, 0¢(x1,t) and 6¢(xo,t), from 6 II;. = 0 the ordinary differential equations
describing the motion of the water-mass—spring interaction system are

Gre =0, (x,t)e(z1,22) X (t1,12), (5.4)

L el ) =0, T p(mn) =0, (5.5)

30% (2, t) + ¢4 (22, 1) + go = 0, (5.6)

Mdthil + Kz = Xo) + Mg = %(b,gz(ﬂfbt) + ¢ (x1,t) + g1, (5.7)

Here, equation (5.4) represents Laplace’s equation, the second equation of (5.5) and
equation (5.6) represent the free surface boundary conditions and the first equation
of (5.5) and equation (5.7) represent the interaction coupling conditions.
A solution satisfying equation (5.4) is
da db

6= alr +b(1), b.=alt) b,= T+ (53)

where a(t) and b(t) are two arbitrary time functions, with a(t) representing a velocity.
Furthermore, from equations (5.5), (5.6) and (5.7), it follows that

t t
xr, = / a(t) det + Xl, To = / a(t) dt + X27 (59)
t1 t1
da b,
g2+ g2t o ta = 0 (5.10)
and
d?z da db
M dt; + K (11— Xo) + Mg = gaa + o+ + Lla. (5.11)

The substitution of equation (5.10) into equation (5.11) gives

d? d d
xl—i—K(xl—Xo)—i—Mg—(g—{—(lj) (a:l—arg)——<g+a>L, (5.12)

M
dt? dt

and from equation (5.9) it follows that

ta
M(;L+K</t a(t)dt+X1—X0>+(M+L)g+((1;L—O. (5.13)
In the static equilibrium state,
K (X1 — Xo) + (M + L)g =0, (5.14)
and equation (5.13) reduces to
(M—i—L)@—f—Ka:O, (5.15)
dt?

where a(t) denotes a velocity. This equation represents the dynamic equation of the
system, in which the mass of the incompressible water acts as an additional mass to
the piston.

(b) An externally forced one-dimensional compressible gas—mass—spring dynamic

interaction problem

In this example, a one-dimensional compressible gas-structure dynamic interaction
system excited by an external force is examined. As shown in figure 4, this system
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consists of a horizontal gas column of unit sectional area, a piston of mass M and
a nonlinear spring K. The positions xg, 1 represent the interaction interface in
static equilibrium and at instant ¢ during motion. If X, denotes the position of the
interaction interface relating to the unstretched spring, the elastic force of the spring
is given by K (z1 — Xo)?. At initial time ¢; = 0, the system is in its static equilibrium
position with gas pressure pg, density py and is excited by an external force F'(t)
applied to the piston.

(i) Dynamic equations derived from functional 115,

If the static position z( is chosen as a reference point of the potential energy of
the spring, the potential of the spring is determined by
1
A(zq) = K(x — Xo)?du. (5.16)
xo
In this example, the potential energy due to gravity can be neglected and the asso-
ciated functional given in equation (4.21) takes the form

to 1 2 A~
HSe[pfv(bu:El} - ‘/0 {/0 pf(_%¢,£¢,z_¢,t_e) do — |:A_§M (dda’;) _xlF:| }dt
(5.17)

By taking the variation of this functional Ils, and using the second equation of (3.11)
and equation (5.16), it follows that

6(fs)173e = /o 2 { /0 1 [6Pf <—§¢,i¢,i - ¢>,t — e ;i) - Pf@ﬁb,t + ¢,w‘5¢,w>} dx

—[p:(50,i0.i + ¢4 + €)]|a, 071
C[K (2 — Xo)? — Fléz, + M(?tléd;;} dt. (5.18)

The application of Green’s theorem, equation (2.17) and conditions 6z1(0) = 0 =
0x1(t2) and 6¢(0) = 0 = d¢(t2) gives

to 1 [ _
5(fs)ﬂge = /0 {/0 |:5:0f (_§¢,i¢,i —¢pr—e— Z) + (Pf,t + (Pf¢,z),m)5¢] dz

. d2
- |:(pf(;¢,z¢,z + ¢,t + 6))|m1 —+ K(g}l — X0)2 S Mx1:| S

de?
+ |:pf <d§; - ¢,x> 6¢:|

Because of the independence of the variations 6z, ép; in the fluid domain (0, ),
6¢ in the fluid domain (0,z1) and at points z; and = 0, from 8 I, = 0, the
following set of equations describing the dynamical problem illustrated in figure 4
are derived:

+(r0.80) | dt (5.19)

T

M Ky~ X0) = B (300 + 60+ Nl
(2, 1)e(0, 1) % (0, 2), (5.20)
loidi+di+et % =0, (2,8)e(0,21) x (0, 22), (5.21)
prat (pida)w =0, (2,0)e(0,21) x (0,12), (5.22)
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Figure 4. A one-dimensional compressible gas—mass—spring interaction system
d.’El
& < dt Qw) =0, z=uwm, (5.23)
pi¢ =0, x=0. (5.24)

Here, equation (5.20) represents the dynamic interaction mechanism within this
forced system, equation (5.21) Bernoulli’s equation, equation (5.22) the compress-
ibility of the gas and equations (5.23) and (5.24) boundary conditions.

(ii) Approzimate solution derived by functional I3,

Here, an approximation method is described to solve the posed problem. Let us, for
simplification purposes, treat the density of the gas as a function of time ¢ only. This
implies the gas remains homogeneous throughout the motion. The internal energy
e is determined from equation (3.13) and the velocity potential takes the following
approximate form:

d
o(e.t) = Jq(0?, .= 35le? 6. =ax, (5.25)

where ¢(t) is an unknown function of time to be determined. It is easy to check
that the selected solution ¢(x,t) in equation (5.25) satisfies the boundary condition
(5.24). However, this is not a requirement of the constraints for functional I5.. The
substitution of this solution into functional (5.17) and its integration with respect to
T gives

t2 dq dzq 2 ~
H3e[pqu7x1] = /0 {Pf <—éq2$§) - %E‘T? - €$1> - {A - %M <dt> - xlF:|(

Through an integration by parts and the time instant conditions §¢(0) =0
and 6x1(0) = 0 = dx1(t2), the variation of this functional takes the form

to d
S < q p
8 s [pr, g, 1] = / {6pf (—éqzl’? — G ¥ e — 331)
0

I
>
~

no

q(t2)

Pt
dl‘l dq
— (;’qx‘;’ — ;x%dt> 6q — [pf <;q2xf + %Exf + e)
2 ~ d21‘1
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1092 J. T. Xing and W. G. Price

Therefore, from 6™ IT;, = 0 and the independence of the variations 6p¢, 6q and 6z,
the set of equations obtained are

d?z - d
Mﬁ—i—[((ml — Xo)? =F — pre — p¢ <q2—|—d(t1> x7, (5.28)
1 2, dg
HZaW + a Ty +pf6+p:Oa (529)
d
Lgw — 15—, (5.30)

These equations form a system of ordinary differential equation with arguments x4 (¢),
q(t) and p¢(t) supplanting the system of partial differential dynamic equations given
in equations (5.20)—(5.24). Through equation (3.13) and the imposition of realistic
initial conditions, a solution can be derived subject to the imposed limitation of the
model.

6. Conclusion

A family of variational principles describing the dynamical behaviour of nonlinear
fluid—solid interaction systems is developed and each member discussed. The math-
ematical model is based on the concept of Hamilton’s principle and the fundamental
equations of continuum mechanics. The variational principles admit variable bound-
aries and their forms reflect the assumptions inherent to the model (i.e. compressible
fluid, flow rotational, etc.). Variational principles obtained previously to determine
the dynamic characteristics of an elastic body in solid mechanics, fluid flows in fluid
dynamics and fluid—solid interaction are derived from the presented variational prin-
ciples by the introduction of the appropriate assumptions and/or boundaries.

The development of the variational principles creates a rigorous theoretical foun-
dation to build computational models such as finite element methods and numerical
schemes of study (see, for example, Zienkiewicz & Taylor 1989, 1991; Xing et al.
1996) to solve complex nonlinear fluid—structure dynamic interaction problems in
engineering.

J.T.X. expresses his deep appreciation to NSFC for supporting the related research in China.

Appendix A. Nomenclature

function of strain energy per unit volume of solid

function of kinetic energy per unit volume of solid

internal energy per unit mass of fluid

permutation tensor

Green’s strain tensor

vector of body force per unit mass of fluid

vector of body force per unit volume of solid

acceleration due to gravity

unknown function of (x1, z2, x3,t) describing motion
on the free surface I}

J Jacobian of a transformation

N translation velocity of a curved surface in space

IS e
SR

NS

>Q
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pressure field of fluid

momentum vector of solid, P = (Py, P, Ps)

entropy per unit mass of fluid

surface of solid domain {25 (= Sy U Sy U X)

part of S with prescribed displacement U,

part of S with prescribed traction T,

time variable

initial time of motion

final time of motion

temperature

traction vector prescribed on surface St of solid
displacement vector of continuum, w = (u1, ug, u3)
normal component of dx; on free surface It (= dx;n;)
displacement vector of solid, U = (Uy, Us, Us)
displacement vector prescribed on surface Sy of solid
normal component of 6U; on interaction boundary X (= 6U;v;)
tangent component of $U; on interaction boundary X (= 6U;¢;)
velocity field of fluid

velocity vector of solid, V' = (V1, Vs, V3)

acceleration vector of solid, W = (W1, W5, W3)

spatial coordinates, = (z1, z2, x3)

material coordinates, X = (X1, X», X3)

a field function chosen as a material coordinate of the continuum
temperature displacement

ratio of the constant specific heats of an ideal gas
surface of fluid domain (% (= It U, UT,UXY)

free surface of fluid

part of I" with prescribed normal velocity of fluid ¥,
part of I with prescribed velocity potential ¢A7 and mass density pr
surface of fluid domain 2

surface of fluid domain 2

Kronecker delta tensor

parameter of variation (—1 < e < 1)

symbol to denote the meaning ‘belonging to’

Clebsch potential corresponding to «

unit vector along outer normal of I’

transmission velocity of a curved surface in space

unit vector along outer normal of S

unit vector along tangent direction of X

mass density of continuum

mass density of fluid

prescribed constant mass density of incompressible fluid
mass density of solid

second Kirchhoff stress tensor

fluid—solid interaction interface between (2 and (g
Piola stress tensor

specific volume of fluid (= 1/p¢)

velocity potential of fluid
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P enthalpy per unit mass of fluid

wj vorticity of velocity field

(2 fluid domain

O closed fluid domain (= U I")

9 fixed domain in space

2 material domain in continuum

(P solid domain

g closed solid domain (= 25U S)

i,7,k indices (= 1,2, 3) of a tensor, obeying the summation convention

d()/d¢ time derivative of () (= ())
D()/Dt  material derivative of ()
grad() gradient of ()

(). = 0()/ot

0. = 0()/0x; or = 0()/0X;

5() local variation of ()

6() material variation of ()

5@ () variation of () (= &() for fluid but §() for solid)

~ denotes equality for terms of order 1 relative to ¢
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